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Abstract. In the present paper a criteria for a rectangular diagram to admit a simplification 
is given in terms of Legcndrian knots. It is shown that there are two types of simplifications 
which are mutually independent in a sense. It is shown that a minimal rectangular diagram 
maximizes the Thurston-Bennequin number for the corresponding Legcndrian links. Jones' 
conjecture about the invariance of the algebraic number of intersections of a minimal braid 
representing a fixed link type is proved. A new proof of the monotonic simplification theorem 
for the unknot is given. 



Contents 

Introduction 2 

Acknowledgements. 3 

1. Rectangular diagrams 3 

2. Legendrian links 5 

2.1. Front projections 5 

2.2. Presenting by rectangular diagrams 7 

2.3. Thurston-Bennequin number 8 

3. Bypasses 9 

3.1. Legendrian description |9 

3.2. Description in terms of rectangular diagrams 10 

3.3. 6- diagrams 13 

3.4. The Key Lemma and its corollaries 20 

4. Proof of the Key Lemma 25 

4.1. Arc presentations 26 

4.2. Suitable disc D 27 

4.3. The induction 31 

4.4. Rearranging of saddles 36 

4.5. Smoothing out a wrinkle 39 

4.6. The induction base 43 

5. Applications to braids and transversal links 44 

5.1. Birman-Menasco classes 44 

5.2. Jones' conjecture 47 

5.3. Transversal links 48 
References 50 



The work is supported in part by Russian Foundation for Basic Research (grant no. 10-01-91056-HIIHH_a) 
and the Russian Government (grant no. 2010-220-01-077). 

1 



2 



IVAN DYNNIKOV AND MAXIM PRASOLOV 



Introduction 

As shown in [8] any rectangular diagram of the unknot admits a monotonic simplification to 
the trivial diagram. The starting point for the present work was the question when a rectangular 
diagram of an arbitrary link admits a simplification, i.e. decreasing the complexity at least by 
one. 

By complexity of a rectangular diagram we mean one half of the number of its edges. There 
is an analogue of Reidemeister moves, which we call elementary moves, that allow to transform 
into each other any two rectangular diagrams representing equivalent links. Some of them 
change the complexity of the diagram. Complexity increasing elementary moves are called 
stabilizations, their inverses are called destabilizations. By monotonic simplification we mean 
a sequence of elementary moves that does not include stabilizations. 

Legendrian knots came to interest in the beginning of 1980s due to the development of contact 
topology [2]. Each class of topologically equivalent links contains infinitely many Legendrian 
classes of Legendrian links. There is an integral invariant of Legendrian isotopy called the 
Thurston-Bennequin number, which can be made arbitrarily small for any topological link type. 
One defines operations called stabilizations (respectively, destabilizations) also for Legendrian 
links. Those operations preserve the topological type of the link and drop (respectively, increase) 
the Thurston-Bennequin number by one. 

In 2003 W.Menasco drew first author's attention to a connection between rectangular dia- 
grams and Legendrian links. This connection can be described as follows (see [TB"| I2"U]). 

With any rectangular diagram R one associates naturally a Legendrian link Lr whose Leg- 
endrian type does not change under complexity preserving elementary moves of the diagram R. 
Stabilizations and destabilizations split into two types, those of the first type preserve the Leg- 
endrian type of Lr, and those of the second one preserve the Legendrian type of Lr^, where R^ 
stays for the diagram obtained from R by clockwise rotation by n/2 (for the topological type of 
the link this corresponds to taking the mirror image). The change of the link Lr (respectively, 
L R r^) under second (respectively, first) type (de) stabilization is a Legendrian (de) stabilization. 

It turns out that the question about simplifiability of a rectangular diagram can be answered 
in a very natural way in terms of the corresponding Legendrian links. Namely, any Legendrian 
destabilization Lr i— >■ L' can be realized by a monotonic simplification of the diagram R while 
keeping unchanged the Legendrian type of the link Lr^, and the existence of a Legendrian 
destabilization for Lr or Lr^ is a criteria for simplifiability of R. 

We introduce below a notion of a bypass, which plays a key role in the proof of this and 
other statements. We define it in the language of rectangular diagrams as well as in that of 
Legendrian links. This notion is somehow related, though does not coincide, with an object 
called bypass in papers [T21 [33] . 

The idea behind bypass is to represent any Legendrian destabilization as a replacement of an 
arc contained in the link by another arc, which is the one that we call bypass. After translating 
to the combinatorial language, such a replacement is no longer a destabilization, it does not 
even drops the complexity in general, but a rectangular diagram equipped with a bypass can be 
transformed by elementary moves so as to preserve the complexity of the diagram and shorten 
the bypass. This is the main technical result of this paper. 

In order to prove it we use the technique that was developed by J.Birman and W.Menasco in 
a series of work where they studied links represented by closed braids [U [5] • Some important 
elements of this technique appeared earlier in paper [2] by D.Bennequin. P.Cromwell in [7] 
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noticed that Birman-Menasco's method can be extended to arc presentations of links, which, 
from combinatorial point of view, are just another instance of rectangular diagrams. 

The proof of the main result of [5] about monotonic simplification for the unknot was obtained 
by further development of this method. That proof can be simplified by using the connection 
to Legendrian links that was mentioned above. We show below how to reduce the monotonic 
simplification theorem to the theorem of Eliashberg and Fraser [9j [10] on classification of Leg- 
endrian unknots or to Erlandsson's Theorem [11] on negativity of the Thurston-Bennequin 
number of the unknot. 

The above mentioned simplifiability criteria for rectangular diagrams has a number of corol- 
laries that have been conjectured earlier. E.g., we prove below (in a generalized form) Jones' 
conjecture that states that two braids of minimal braid index whose closures are equivalent 
oriented links have the same algebraic number or crossings. 

Convention 1. Throughout this paper except Section [51 by a link we mean a link in K 3 (i.e. 
compact one-dimensional submanifold) equipped with a selective orientation and coloring of 
connected components. This means that every component of the link may or may not be 
oriented and given a color, which is an positive integer. In particular, a link may be non- 
oriented, and colors may be all ones, or, on the contrary, a link may be oriented, and all 
components numbered by different integers. 

When speaking about an isotopy between links we assume that the orientations and the 
colors of components are preserved under the isotopy. This additional structure, selective 
orientation and coloring, is extended in an obvious way to all link diagrams that we consider 
below (rectangular diagrams and front projections), and we don't mention this explicitly for 
the purpose of clarity. 

The exception from these rules in Section [5] concerns only orientations as all links there are 
assumed to be oriented. 

The coloring plays no role in the paper, we just point out that our statements remain true 
for colored links. 

Acknowledgements. We are deeply indebted to Sergei Melikhov who pointed out a number 
of inaccuracies in the original version of this work. 

1. Rectangular diagrams 

Definition 1. A rectangular diagram of a link is a finite union of closed broken lines in the 
plane that consist of horizontal and vertical straight line segments (called edges of the diagram) 
no two of which are collinear. Such a diagram is interpreted as a planar link diagram in which 
vertical edges at all crossings are overpasses. 

The endpoints of edges are called vertices of the diagram. The number of vertical edges of a 
rectangular diagram R is called the complexity of R and denoted by c(R). 

An example of a rectangular diagram is shown in Fig. [TJ 

As shown in [TJ [5] two rectangular diagrams represent equivalent links if and only if they are 
related by a finite sequence of the following elementary moves: 

(i) a cyclic permutation of vertical or horizontal edges consists in moving one of the extreme 
(upper, lower, left, or right) edges onto the opposite side with simultaneous adjustment 
of the two adjacent edges, see Fig. [2j 

(ii) a commutation of vertical (respectively, horizontal) edges consists in exchange of the 
horizontal (respectively, vertical) positions of two neighboring vertical (respectively, 



IVAN DYNNIKOV AND MAXIM PRASOLOV 



Figure 1. A rectangular diagram of the figure eight knot 





Figure 2. Cyclic permutation 



horizontal) edges provided that the pairs of endpoints of those edges projected to the 
vertical (respectively, horizontal) axis are disjoint and do not interleave. The edges are 
regarded neighboring if there are no vertices of the diagram between the straight lines 
containing them, see Fig. [3j 
(hi) a stabilization consists in replacement of a vertex by three new ones that together with 
the deleted one form the vertex set of a small square, addition two short edges that are 
sides of the square, and appropriate extension or shortening the edges that approached 
the deleted vertex; the inverse operation is called a destabilization (see Fig. [4]). 

We will distinguish two types of stabilizations and destabilizations. 

Definition 2. If the two edges emerging from the stabilization point from their common end 
downward and leftward or upward and rightward, then the stabilization is of type I, and other- 
wise of type II, see Fig. [5j In this definition, the direction of the edges attached to the vertex 
at which the stabilization occurs does not matter. 

The type of a destabilization is defined as that of the inverse stabilization. 

By elementary simplification of a rectangular diagram we mean any sequence of elementary 
moves in which the last move is a destabilization and all the preceding ones are cyclic permu- 
tations and commutations. The type of an elementary simplification is defined by that of the 
final destabilization. 



The core result of the present paper is formulated in combinatorial terms as follows. 



Bypasses for rectangular diagrams. Proof of Jones' conjecture and related questions 



5 



1 



I 

o 

I I 



6 6 

I 



U — I 



Figure 3. Commutations 

Theorem 1. Let a rectangular diagram R admit k successive elementary type I simplifications 
R t— > R[ t— > R' 2 I— >■ . . . i— ?• R' k , as well as i successive elementary type II simplifications R t— > 
R'l i— > . . . i— >■ R». 

Then the diagram R' k admits I successive elementary type II simplifications, and the resulting 
diagram can be connected with R" by a sequence of cyclic permutations, commutations, and 
type I stabilizations /destabilizations. 

Similarly, the diagram R" admits k successive elementary type I simplifications, and the 
resulting diagram can be connected with R' k by a sequence of cyclic permutations, commutations, 
and type II stabilizations /destabilizations. 

This statement will be proved in Sections [3] and HI 

2. Legendrian links 

2.1. Front projections. 
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Figure 4. Stabilizations and destabilizations("long" edges can be directed in 
other ways, which gives 12 more similar pictures). 
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Figure 5. Types of stabilizations and destabilizations 



Definition 3. A link L in IR 3 is called Legendrian if it has a form of a smooth curve everywhere 
tangent to the plane distribution defined the 1-form 



xdy + dz 



and called the standard contact structure. Legendrian links are considered equivalent if they 
are isotopic within the class of Legendrian links. 

The most convenient way to specify Legendrian links is to draw their projections to the 
2/z-plane, which are called front projections. A front projections forms a piecewise smooth 
curve whose singularities have the form of a cusp and whose tangents are never vertical (see 
Fig. [6]). For reader's convenience we display at self- intersections and cusps of front projections 
which branch is overcrossing (i.e. have larger x-coordinate), and which is undercrossing. A 
generic front projection uniquely defines the corresponding Legendrian curve in M 3 since the 
x-coordinate of any point of the curve can be recovered from the relation x = —dz/dy. 

Fig. [7] demonstrates schematically (up to central symmetry) which front projections moves 
generate the equivalence of Legendrian links, see 
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Figure 6. Front projections of a Legendrian link 




Figure 7. Front projection moves 

Some front projection moves that preserve the topological type of the link are forbidden 
for Legendrian links because they change their Legendrian type. Examples of such moves are 
shown in Fig. |HJ 




Figure 8. Forbidden front projection moves 

A piecewise smooth link consisting of finitely many arcs that are everywhere tangent to 
the standard contact structure can be smoothen at the break points so that the combinatoric 
structure of the projection to the yz-plane (including information about cusps) does not change. 
Therefore, such piecewise smooth links also uniquely define some Legendrian type, and they 
themselves can be spoken of as Legendrian links. 

2.2. Presenting by rectangular diagrams. The connection between Legendrian links and 
rectangular diagrams is described as follows. 
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Let R be a rectangular diagram. Rotate it by 7r/4 counterclockwise, smooth out the corners 
pointing up and down and turn into cusps corners pointing to the left and to the right. An 
example is shown in Fig. |HJ 



Figure 9. Front projection of a Legendrian link obtained from a rectangular diagram 

The Legendrian link defined by the obtained front projection will be denoted by Lr. 

Theorem 2 ([22], Section 4). Any Legendrian link is equivalent to the link Lr for some R. 

Legendrian links Lr and Lr> are Legendrian equivalent if and only if the rectangular dia- 
grams R and R' can be connected by a sequence of elementary moves that does not include 
type II stabilizations and destabilizations. 

By Legendrian type of a rectangular diagram we mean that of the corresponding Legendrian 
link Lr. It follows from Theorem [2] that the Legendrian type of a rectangular diagram is its 
equivalence class with respect to cyclic permutations, commutations, and type I stabilizations 
and destabilizations. 

2.3. Thurston— Bennequin number. Notice that the vector e z = (0, 0, 1) is nowhere tangent 
to the contact structure, therefore, a small enough shift of any Legendrian link L along this 
vector produces a link L + that is disjoint from L. A link obtained by a small shift in the 
opposite direction will be denoted by L~. 

The Thurston-Bennequin number of a Legendrian link L, denoted by tb(L), is the linking 
number lk(L,L + ) = lk(L,L~). This definition assumes that the link L is oriented. Reversing 
the orientation of all components does not affect tb(L). So, in particular, if L is a knot its 
Thurston-Bennequin number does not depend on the orientation. 

The Thurston-Bennequin number is a Legendrian isotopy invariant, and it can be computed 
from the following simple formula 



where w(F) is the writhe number and c{F) is the number of cusps of a front projection F 
representing the link L. 

The rectangular diagram obtained from a rectangular diagram R by a clockwise 7r/2-rotation 
(with simultaneous flipping all crossings) will be denoted by RP'. 

Note that if R\ t— > R2 — is a type I stabilization, then R^ (->■ R£ — is a type II stabilization 
and vice versa. 




(1) 
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For the front projections F and F^ corresponding to rectangular diagrams R and RT* we 
have w(F) = —w(F n '), whereas the total number of their cusps is equal to the number of 
vertices of R. This implies the following relation: 



From flTJ one see that the forbidden moves shown in Fig. [8] change the Thurston-Bennequin 
number by one. These moves of front projections of Legendrian links will also be called sta- 
bilizations and destabilizations, where the former drop and the latter increase the Thurston- 
Bennequin number. 

Stabilizations, in contrast with destabilizations, can be applied to any front projection. If 
the Legendrian class of a Legendrian link L contains a representative whose front projection 
admits a destabilization, then we say that so does the Legendrian link L. 

Clearly, type II stabilizations and destabilizations of a rectangular diagram R result in sta- 
bilizations and destabilizations, respectively, of the corresponding Legendrian link Lr. 

The following result is due to T.Erlandsson [11] (see also Theorem 2 in [2]). 

Theorem 3. The Thuston-Bennequin number of a Legendrian unknot is always negative. 

Y.Eliashberg and M.Fraser proved a stronger result in [HJ Ell a particular case of which can 
be formulated as follows. 

Theorem 4. Let K be an oriented Legendrian knot in M 3 having topological type of the unknot. 
Then it is Legendrian equivalent to a knot from the following list 



in which the number of left and right "zigzags" run independently the set of non-negative inte- 
gers. 



For settling the main results of this paper we will need only a combinatorial model of bypasses. 
However, for making the definition look less artificial we start by describing the geometrical 
object underlying the concept. 

3.1. Legendrian description. 

Definition 4. Let L be a Legendrian link. An ordered pair (a, 0) in which a C K 3 is a 
smooth simple Legendrian (i.e. everywhere tangent to the standard contact structure) arc with 
endpoints at L, and (3 C L is an arc with the same endpoints is called a bypass for L if there 
exists a two-dimensional disc Del 3 satisfying the following: 

(AO) D is the image of the semidisc {(x,y) G M. 2 ; x 2 + y 2 ^ 1, x ^ 0} under a smooth 
embedding into M 3 ; 



(2) 
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(Al) the disc boundary dD coincides with aU/3; 

(A2) the intersection DHL coincides with 0; 

(A3) disc D is tangent to the standard contact structure along a. 

Let us discuss in more detail Condition (A3) as it will be crucial for us to replace it by 
another condition that can be reformulated in combinatorial terms. Assume that we have a 
pair (a, (3) and a disc D that satisfy (A0-A2). 

Since a and are Legendrian, the disc D is tangent to the contact structure at the endpoints 
da = dp, but not necessarily along the whole arc a. So, when one proceeds from one endpoint 
of a to the other the tangent plane to D makes a half-integer algebraic number of turns around 
the tangent vector to a with respect to the standard contact structure. Denote this number 
by r. If we have r = 0, then D can be deformed near a so as to satisfy Condition (A3), hence 
(a, 0) is a bypass. 

Denote the link (L \ 0) U a by L^ a . One can see that the pairs of linking numbers 

{lk(L^ a , (a U /?)+), lk(V^ Q , (a U 0)')} and {lk(L+^ a , a U 0), lk(L^ Q , a U 0)} 

for an appropriate choice of orientations coincide with {[r], [r + 1/2]}, where [x] denotes the 
integral part of x. If these numbers are all zero, then the knot a U shifted in either way 
is actually unlinked with Lg_> Q , i.e. separated from L^ a by an embedded two-sphere. So, 
Condition (A3) in the definition of bypass can be replaced by either of the following three: 

(A3') Lp^ a is unlinked with (a U 0) + U (a U 0)~] 

(A3") Lt_^ a U Lp^ a is unlinked with a U 0; 

(A3 W ) we have lk(L^ Q , (a U 0)+) = \k{L^ a , (a U 0)~) = 0. 

Note also that Condition (AO) is then unnecessary. 

With Condition (A3) replaced by (A3'), (A3") or (A3'") it is convenient to use front projec- 
tions to check if an arc is a bypass. E.g., it can be seen from Fig. [10] that the dashed line on 
the left is not a bypass, and on the right is. 

From Condition (A3'") and Theorem [3] it follows that the link Lp^ a is topologically equivalent 
to L but has larger Thurston-Bennequin number, namely, we have 

tb(Lp^ a ) = tb(L) - tb(a U 0). 

As we will see below (in combinatorial terms) the link Lp^ a can be obtained from L by a 
sequence of (— tb(a U 0)) destabilizations. 

3.2. Description in terms of rectangular diagrams. Now we translate what was just said 
to the combinatorial language. For ease of exposition we introduce the following terminology 
convention. 

Convention 2. Since a rectangular diagram can be recovered from its set of vertices, in what 
follows we do not distinguish this set from the diagram itself, and use the same notation for 
both. Thus a finite subset of the plane will be considered to be a rectangular diagram if any 
vertical or horizontal straight line contains either no or exactly two points from the subset. 

Definition 5. By the Thurston-Bennequin number tb(R) of a rectangular diagram R of a knot 
we call the Thurston-Bennequin number of the corresponding Legendrian knot: 



tb(.R) = tb(Lfl). 
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FIGURE 10. Detecting a bypass on a front projection 

For a rectangular diagram R we denote by R^ a diagram obtained from R by a small positive 
shift along the vector (1, 1), where smallness of the shift will be clear from the context. Similarly, 
RS will denote the result of a small shift in the opposite direction. 

If R is a rectangular diagram of a knot, then tb(i?) is by definition equal to the linking 
number \k(R, R^) provided that the respective connected components of the link presented by 
R U R^ are oriented coherently (instead of lk(i?, R^) one can equally well take lk(i?, R^) or 
\k{R^,R^)). 

Definition 6. By a rectangular path we mean a subset of the plane that can be turned into 
a rectangular diagram of a knot by adding exactly one or exactly two points located at one 
vertical or horizontal straight line. Additionally, a single point is also regarded as a rectangular 
path. 

Horizontal and vertical straight line segments connecting two points of a rectangular path are 
called edges, and the points themselves vertices of the path. Horizontal and vertical straight 
lines that contain exactly one vertex of a rectangular path will be called the ends, and the 
corresponding vertices the endpoints. All other vertices of a rectangular path are called internal. 

Examples of rectangular paths are shown in Fig. [Til where edges and the ends of the paths 
are also depicted for clarity. 

Convention 3. Whenever we discuss a union of a few rectangular diagrams of links and 
rectangular paths we assume that they are in general position, which means that no two vertices 
lie on the same horizontal or vertical straight line unless they must do so by construction. 

E.g., having set this convention, the following is true: any two different rectangular paths 
with common ends form a rectangular diagram of a knot. 
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Figure 1 1 . Examples of rectangular paths. Solid lines show edges, and dashed 
lines the ends of the paths 

The fact that an edge of a rectangular diagram or a rectangular path is contained in an end 
of a rectangular path will be expressed in the opposite (but linguistically more habitual) way 
saying that the end lies on the edge. This does not mean in general that the endpoint of the 
path is contained in the edge, it can lie on its extension, see Fig. [T2J Our terminology is also 



O- 



a 



R 



Figure 12. An end of the path a lie on the edge e of R 

justified by the following construction. 

For a finite subset X C M 2 , we define X to be the following union of straight line segments 



in 



R 3 : 



X 



|J [(2*, 0,1), (0,2.7,-1)]. 



X can also be characterized as the union of all straight line segments that have endpoints at 
the straight lines l\ = K x {0} x {1} and £ 2 = {0} x K x { — 1} and pierce the plane M 2 x {0} 
at points from X, see Fig. [131 

One can see that if R is a rectangular diagram, then R is a link in M 3 isotopic to the one 
defined by R. Indeed, the intersection of R with the upper half-space M 2 x [0, +oo) consists 
of all PL-arcs of the form [(i,ji,0), (2i, 0, 1)] U [(2i, 0, 1), (z,j2,0)] with (hjz)] a vertical 

edge of R. This family of arcs is isotopic in M 2 x [0, +oo) to the union of vertical edges of R, 
with the arc endpoints being fixed during the isotopy. 

Similarly, the intersection of R with the lower half-space M? x (— oo, 0] consists of PL- arcs 
isotopic in this half-space to the union of horizontal edges of R. 

If a is a rectangular path whose ends lie at edges of a rectangular diagram R, then a is 
a broken line whose endpoints lie at R. Moreover, with Convention [3] set the interior of the 
PL-arc 5 will be disjoint from R. If two rectangular paths a and /3 have common ends, then 
the broken lines a and /3 have common endpoints. 

We are ready to define our key object. 
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Figure 13. A rectangular path X and its 3d-realization X by a broken line 

Definition 7. By a bypass for a rectangular diagram R we call an ordered pair (a, (3) of 
rectangular paths having common ends such that /3 is a subset of R, and there exists an 
embedded two-dimensional disc Del 3 satisfying the following: 

(Bl) the disc boundary 3D coincides with 5 U /3; 
(B2) the intersection D D R coincides with /?; 

(B3) in the link defined by the rectangular diagram (R \ 0) U a U (a U 0)^ U (a U the 
components presented by (R \ 0) U a are unlinked with the two others. 

A bypass (a, 0) is called elementary if we have tb(a U 0) — — 1. The value — tb(a U 0) will be 
called the weight of the bypass a, and the path /3 the bypassed path. 

In most cases the path is uniquely determined by a. E.g., this is true if the component 
of R that contains the endpoints of a is knotted or linked with the rest of the link. Anyway, if 
a is given, then there are at most two options for So we will often refer to a as a bypass, 
keeping, however, in mind that the choice of (3 is made if there are two options. 

One can see that any bypass for a rectangular diagram R can be turned into a bypass for the 
Legendrian link Lr by using similar procedure to the one that turns a rectangular diagram into 
a front projection. Namely, we add the edges of the path (if an endpoint of the path is collinear 
with an edge of R but does not belong to it we also connect it with the closest endpoint of 
the edge) thus obtaining a projection of a knotted graph isotopic to R U a (at self-intersections 
vertical edges are always overpasses). Then we rotate the whole picture counterclockwise, 
smooth out some corners and turn into cusps the others in accordance with the general rules, 
see Fig. H31 

One can also show that any bypass for a Legendrian link Lr considered up to a Legendrian 
isotopy can be obtained in this way. We will not use these facts in the proofs and leave them 
as an exercise to the reader. 

3.3. O-diagrams. Here we draw our attention to the object formed by a rectangular diagram 
equipped by a bypass. 

Definition 8. By a rectangular O- diagram we call a union aU/3U7U5of three rectangular 
paths a,/3,7 having common pairs of ends and a rectangular diagram S of a link. The paths 
are distinguished, so, formally, a rectangular 9-diagram is a four-tuple (a, 0j, 5) in which 



14 



IVAN DYNNIKOV AND MAXIM PRASOLOV 




a,/3,7 are rectangular paths having common pairs of ends, and 5 is a rectangular diagram. In 
accordance with Convention [3] we assume by default that all edges of these objects are pairwise 
non-collinear and disjoint from the ends of the paths a, (3, and 7. 

Two rectangular O-diagrams are called Legendrian equivalent if one can be obtained from the 
other by a finite sequence of permitted moves, which include cyclic permutations, commutations, 
type I stabilizations and destabilizations, and end shifts defined below. The corresponding 
equivalence class of a rectangular 0-diagram will be called its Legendrian type. 

Cyclic permutations, commutations and (de) stabilizations for rectangular G-diagrams are 
defined similarly to those for rectangular diagrams of links. We focus only on the differences. 

There may be not only an edge but also an end of the paths that constitute a rectangular 
O-diagram, at the extreme left, right, upper, or lower position. Its translation to the opposite 
side is also regarded as a cyclic permutation (see Fig. |T5|) . 
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Figure 16. Commutations involving path ends 



Commutations for edges of a rectangular 0-diagram are defined in the same way as in the 
case of rectangular diagrams of links: one can exchange two neighboring parallel edges, each 
may be an edge of a, /3, 7, or 5, provided that their pairs of endpoints do not interleave. A 
common end of a, /3, and 7 can also be exchanged with neighboring edges and with the other 
end provided that no pair of endpoints at the end to be exchanged interleave with the endpoints 
of the edge or a pair of endpoints at the other end, respectively, see Fig. [TBI 

Type I stabilizations and destabilizations are allowed at any vertex of a rectangular G- 
diagram, including the endpoints of the paths a, (3, and 7. 

Finally, we need one more type of moves, which we call an end shift and define as follows. Let 
Pi, P2, P3 be three endpoints of the rectangular paths a, (3, 7 (not necessarily in this order) lying 
at the same horizontal straight line and listed from left to right. Denote by P[ and P" points 
obtained from Pj by a shift by the vector (0, e) and (0, — e), respectively, where e > is a small 
real number (it should be smaller than the vertical distance between any two vertices of the 
diagram that do no lie at the same horizontal straight line). Any of the following replacements 
in the paths a, /3, and 7 will be called an end shift: 
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provided that it results in a O-diagram. Namely, the first and the sixth replacement is allowed 
if the vertex P2 is not the only vertex of the corresponding rectangular path, the second and 
the third if so is P3, and the fourth and the fifth if so is P±. 

Note that, from the combinatorial point of view, there are actually three pairs of coinciding 
moves among these six replacements. 

A similar operation is defined for three endpoints of the rectangular paths included in a 
rectangular O-diagram if they lie at the same vertical straight line, see Fig. [T71 Namely, one 
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Figure 17. End shift 



should take the mirror image of the previous construction in a diagonal direction (any of the 
two). 

Thus, in all cases, an end shift consists in deleting one of the vertices Pi, P2, ft and adding 
instead two vertices close to the remaining ones. If the deleted vertex is an endpoint of the 
rectangular path a of a rectangular 0-diagram a U U 7 U 8, then the rectangular diagram 
j3 U 7 U 8 does not change under the end shift, and the path a gets longer by one edge one of 
whose ends shifts along /3 U 7 to an adjacent edge. Also one of the paths /3 or 7 transfers one 
of its vertices to the other. 

We intentionally do not define an inverse operation to an end shift because one can come 
back by shifting the end backward and then performing a few commutations and a type I 
destabilization (see Fig. [T8|) . 



Proposition 1. Let a U f3 U 7 U 8 and a' U /3' U 7' U 5' be Legendrian equivalent rectangular 
Q-diagrams such that (a, 0) is a bypass for (3 U 7 U 5 of weight b. Then: (i) (a', /?') is a bypass 
for fi' U 7' U 5' of weight b; (ii) the rectangular diagrams a U 7 U 5 and a' U 7' U 5' are Legendrian 
equivalent. 

Proof. It is enough to prove the claim in the case when a U f3 U 7 U 5 *->• a' U f3' U 7' U 5' is a 
single permitted move. This reduces to checking that the isotopy classes of5U/3U7U5 and D, 
where D = (a U f3) /A U (a U U a U 7 U 5, and the Legendrian type of a U 7 U 8 are preserved, 
which is straightforward. The cases when the considered operation is a commutation, permitted 
(de) stabilization, or a cyclic permutation are trivial and left to the reader. 

The least obvious here is to see that the isotopy class of the link D does not change under 
an end shift. This is illustrated in Fig. [19] for one of the possible relative positions of the end 
vertices of a, (3, and 7. Since our statement is true for cyclic permutations of horizontal edges 
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FlGURE 18. Inverting an end shift 



only the cyclic order of the end vertices matters, which, in turn, can be reversed by a central 
symmetry. 

The case when the end being shifted is horizontal is obtained by reflecting in a diagonal 
direction. 

Note that the desired Legendrian equivalences of rectangular diagrams are established by a 
few commutations and stabilizations that can be done by moving only vertices from a small 
neighborhood of the common end of a, f3, 7, thus, the position of other vertices connected 
by edges to the ones involved in the discussed transformations plays no role. It also does not 
matter whether all three paths a, (3, and 7 have more than one vertex. Thus, all the cases are 
reduced to the one shown in Fig. [THJ □ 



Surely there is a natural correspondence, which we don't formally use, between Legendrian 
types of rectangular O-diagrams and Legendrian types of one-dimensional complexes in R 3 
having form of a few circles and one 0-component, which is a graph with two vertices connected 
by three edges, such that all curves in the complex are Legendrian. For completeness of the 
exposition we briefly mention moves of front projections of such complexes that involve a 3- 
valent vertex and, together with the moves in Fig. generate the equivalence of Legendrian 
graphs that we are interested in. This moves are shown in Fig. F2U] (one should also add the 
moves symmetric to the shown ones). 

Proposition 2. Let R and R' be rectangular diagrams of the same Legendrian type, and let 
a be a rectangular path with ends at edges of the diagram R. Then there exists a rectangular 
path a' with ends at edges of R' such that the rectangular 0- diagrams RU a and R' U a' are 
Legendrian equivalent. 

Proof. It suffices to prove the statement in the case when R' is obtained from R by a single 
elementary move preserving the Legendrian type. For a stabilization it is obvious since we can 
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Figure 19. In all cases the diagram D' = (a' U fi'Y U (a' U f3'Y U a' U i U 5' is 
equivalent to D — (a U (3)^ U (a U (3Y U a U 'j U 5 , and a U 7 U 5 is Legendrian 
equivalent to a' U 7' U 5' 







Figure 20. Moves of a Legendrian graph involving a 3-valent vertex 



simply take a' = a (we assume that the new edges emerged from the stabilization are short 
enough) . 

Let R H- R' be a cyclic permutation. For definiteness we assume that the extreme left edge 
is translated to the right. The other cases are similar. 
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If there are edges of a located on the left of R, then we first move them to the right by using 
cyclic permutations, and then perform the desired cyclic permutation on R with no obstacle 
regardless whether the translated edge contains an end of a or not. 

Let R R' be a commutation. Due to the symmetry of our constructions it suffices to 
consider a commutation of horizontal edges. Moreover, since we have already proved the state- 
ment for cyclic permutations, we may assume that the horizontal projections of the exchanged 
edges do not overlap, and the lower of them has its left endpoint at the very left of the G- 
diagram RU a, i.e. there are no vertices of R or a on the left of this vertex. 

There may be only two obstructions originating from a to perform the desired commutation 
on R: (i) the ends of a can lie on the exchanged edges or edges adjacent to them; (ii) there 
may be edges of a in the strip between the straight lines containing the exchanged edges. 

In the first case one shifts the ends of a to other horizontal edges of R, which can be done 
by applying a few end shift moves. We now draw our attention to the second type of obstacle. 

Denote the left of the commuted edges of the diagram R by e and the right one by e'. Denote 
by P the right vertex of the edge e. Without the presence of a the desired commutation could 
have been made by shifting the edge e upward. The only obstruction to that may be edges of a 
that are located over the vertex P but below the level of the edge e', see Fig. [21] (a). 




e V P 



(a) 





(c) 



Figure 21. Commutation in the presence of a rectangular path. There may be 
unshown vertical edges of the path a coming out from the boxes X and Y. 



Let £ be the vertical straight line passing through P. "Break" every obstructing edge of a 
near its intersection with the line £. Namely, we apply an appropriate permitted stabilization 
near an endpoint of each obstructing edge and then shift the new short vertical edge toward 
the line i by using commutations. We arrange these new short vertical edges on the right of I 
so that the lower an edge the closer to £ it is positioned, see Fig. [21] (b). 

Now we can freely shift all edges located over e but below the level of e! upward so as to 
remove the obstacle to the desired commutation on R, and implement it, see Fig. (c). 
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We are left to consider the case when R *->■ R' is a permitted destabilization. There are 
two kinds of such destabilizations, but since they are symmetric to each other it suffices to 
consider one of them, when the edges being reduced point from their common vertex upward 
and rightward. By using cyclic permutations and shifting the ends of a we can make it so 
that the common vertex of the edges being reduced is the leftmost and lowermost vertex of the 
diagram RU a and the endpoints of a do not lie at the edges being reduced and ones adjacent 
to them. 
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Figure 22. Destabilization in the presence of a rectangular path. There may 
be unshown vertical edges of a coming out from the boxes X and Y 



The horizontal edge that is going to be reduced will be denoted by e, and the horizontal 
edge of R positioned immediately above it by e'. An obstruction to move the edge e upward 
so as to make it neighboring to e' in the diagram RU a can come from edges positioned over 
the right endpoint of e but below the level of e! '. We proceed exactly the same as in the case of 
commutation, see Fig. [221 

After that we shift the edge e upward close to e', then freely shift the vertical edge we want 
to reduce to the right, and perform the desired destabilization. □ 

3.4. The Key Lemma and its corollaries. By a connected component of a rectangular 
diagram R of a link we mean any subset K C R that forms a rectangular diagram of a knot. 

Key Lemma. Let R be a rectangular diagram of a link, and (a, 0) be a bypass whose weight 
is smaller than the number of vertical edges of the component of R that contains the ends of a. 

Then there exists a rectangular diagram R' that is Legendrian equivalent to (R \ 0) U a and 
can be obtained from R by b successive type II elementary simplifications, where b is the weight 
of the bypass (a, 0). 

The proof of this statement will occupy the whole next section. Here we deduce basic 
corollaries from it. 
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Theorem 5. Let rectangular diagrams R\ and R 2 be Legendrian equivalent, and Ri admit a 
type II elementary simplification R± R[. Then the diagram R2 admits a type II elementary 
simplification R 2 *-> R' 2 such that the diagram R' 2 is Legendrian equivalent to R[ . 

Proof. Since commutations and cyclic permutations preserve the Legendrian type of a rectan- 
gular diagram it suffices to consider the case when Ri t— >■ R' x is a type II destabilization. In 
this case, as one can see in Fig. [231 there exists an elementary bypass a\ for R\ that consists of 
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( ai U 0! 



Ri 
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Figure 23. An elementary bypass consisting of one vertex 



just one vertex, and R[ is obtained from R 1 by replacing the corresponding bypassed path /3i 
(consisting of three vertices) by a±. 

If follows from Proposition [2] that there exists a rectangular path a 2 such that the rectangular 
O-diagrams R± U a± and R 2 U a 2 are Legendrian equivalent. According to Proposition [1] this 
means, in particular, that a 2 is an elementary bypass for R 2 . Let (3 2 be the corresponding 
bypassed path. Then the diagram (R 2 \(3 2 )Ua 2 is Legendrian equivalent to U«i = R[. 

Since the bypass a 2 is elementary, it satisfies the hypothesis of the Key Lemma whose appli- 
cation completes the proof. □ 

Corollary 1. Let R be a rectangular diagram of a link such that the corresponding Legendrian 
link Lfj (respectively, L^) admits a destabilization Lr m- L' (respectively, L^ *-> L'). Then 
the diagram R admits a type II (respectively, type I) elementary simplification R *->■ R' such 
that links L' and L^ (respectively, V and Lr^ ) are Legendrian equivalent. 

Proof. This immediately follows from Theorems [2] and [5j □ 

We also get the main result of [8]: 

Corollary 2 (Monotonic simplification theorem for the unknot). Any nontrivial rectangular 
diagram of the unknot admits successive elementary simplifications arriving at the trivial dia- 
gram. 

Proof. Nontriviality of the diagram R means that is complexity exceeds 2. Together with ($2§ 
it implies that at least one of the Legendrian knots Lr and L^n has Thurston-Bennequin 
number smaller than (—1). It now follows from Eliashberg-Fraser's theorem on classification 
of Legendrian unknots (Theorem |4] above) that this Legendrian knot admits a destabilization. 
Therefore, R admits an elementary simplification. An obvious induction on the complexity of 
the diagram R completes the proof. □ 

In the end of Section |4] we show one more way to proof the monotonic simplification theorem 
that does not need the use of Eliashberg-Fraser's theorem. 

The statement announced in the Introduction is one more corollary of Theorem 
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Proof of Theorem [H The diagrams R and R' k are Legendrian equivalent by hypothesis. By 
applying Theorem successively £ times we prove the existence of a sequence of elementary 
simplifications R' k *->■ R'" *-)• R!£ *->•... *->• i?"' in which the diagram i?"' is Legendrian equivalent 
to R'[ for alH = 1, . . . , £, which is a reformulation of the conclusion of the theorem. 

The second claim is symmetric to the first one. □ 

Now we establish more general connections between bypasses and simplifications. 

Theorem 6. Let R be a rectangular diagram of a link, K C R be one of its connected compo- 
nents, and £ be some Legendrian type. The following conditions are equivalent: 

(CI) The diagram R admits b > successive type II elementary simplifications on a compo- 
nent K that arrive at a diagram having Legendrian type C; 

(C2) There exists a bypass a of weight b for the diagram R with ends at edges of the compo- 
nent K , and the replacement of the bypassed path by the bypass results in a diagram of 
Legendrian type C 

Proof. (C2) =>- (CI) Apply a type I stabilization to the diagram R at the component K suffi- 
ciently many times so as to make the number of vertical edges of K larger than b. Denote the 
obtained rectangular diagram by R. 

According to the Key Lemma there exists a sequence of elementary simplifications R +-)■ 
R± H- R2 • • • H- Rb such that the last diagram in it is Legendrian equivalent to (R \ j3) U a, 
which, in turn, is Legendrian equivalent to (R \ /3) U a, where (3 is the bypassed path. 

By applying Theorem [5] successively b times we prove that there exists a sequence of ele- 
mentary simplifications R )-)■ R\ R2 . . . )-)■ Rj, in which every diagram Ri is Legendrian 
equivalent to the corresponding diagram Ri. 

(CI) =>■ (C2) We make use of the following two lemmas, which will be also used in the sequel. 

Lemma 1. Let Rq <->■ R\ <->■ ...*—)■ R m be an arbitrary sequence of elementary moves that 
contains k stabilizations and £ destabilizations. The there exists another sequence of elementary 
moves R (->■ R[ H- . . . (->■ R' n = R m , in which the first k moves are stabilizations, the last I 
moves are destabilization and all the others do not include stabilizations and destabilizations. 
Moreover, the number of stabilizations and destabilizations of each type in this sequence is the 
same as that in the original one. 

Proof. This statement is proved by induction on the tuple (k, £,p, s), where k is the number of 
stabilizations, £ is the number of destabilizations, (p + 1) is the number of the first stabilization 
(if there is no such we set p — 0), and (m — s) is the number of the last destabilization (if there 
is no such we set s — 0). Tuples (k,£,p, s) are ordered lexicographically. 

The induction base k = I = is obvious. For induction step, it suffices to prove our statement 
in the case m — 2. Indeed, if the first move is a stabilization, then by removing it we obtain a 
sequence with a smaller k and the same £, the validity of the statement for which implies that 
for the original sequence. Similarly, if the last move is a destabilization, then by removing it 
we obtain a sequence with the same k but smaller £. If none of these takes place but k > 0, 
then we apply the statement to the subsequence consisting of the pth and the (p + l)st moves 
and obtain a sequence with the same k, i but smaller p. Finally, if k = and £ > 0, we apply 
similarly the statement to the subsequence consisting of the (m — s)th and (m — s + l)st moves. 

So it remains to prove the statement for sequences consisting of two operations in the following 
two cases: (1) the second operation is a stabilization and the first one is not a stabilization; 
(2) the first operation is a destabilization and the second one is not a destabilization. These 
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cases are obtained from each other by reversing the sequence, so it suffices to consider just one 
of them. Fig. [23] shows how to move a stabilization to the beginning of the sequence if it is 
preceded by a cyclic permutation, commutation or destabilization in situations where it is not 
just a question of changing the order of moves. The other cases are similar and are left to the 
reader. □ 



r 




Figure 24. Moving a stabilization to the beginning of the sequence 



Lemma 2. Let R H- R' be a stabilization, and P be any vertex of the same component of R 
on which this stabilization occur. Then there is a stabilization R H- R" of the same type as 
.R H- R 1 in a small neighborhood of P such that the diagrams R' and R" can be connected by a 
sequence of commutations and cyclic permutations. 

Proof. It is enough to consider the case when the vertex P is connected by an edge to the 
one in whose neighborhood occurs the stabilization R *->■ R'. Let e be this edge. As a result 
of the stabilization R *->■ R' two short edges appear. The one that is orthogonal to e can be 
shifted toward P by using commutations and at most one cyclic permutation. For such obtained 
diagram R" the move R R" will be a stabilization, see Fig. [251 D 

Now we resume the proof of Theorem [6j Let R = Rq <->■ R\ *-> ...<—)■ R\, be a sequence 
of elementary simplifications that satisfies Condition (CI). It follows from Lemma [1] that 
Rb can be obtained from R by a sequence of elementary moves in which the last b moves are 
destabilizations and all the previous ones are cyclic permutations and commutations. Moreover, 
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Figure 25. Moving the stabilization scene to a neighborhood of another vertex 

according to Lemma |2] we may assume that all b destabilizations occur in a small neighborhood 
of the same vertex P of the diagram Rb. 

Therefore, we can find a sequence of complexity preserving elementary moves from the dia- 
gram R to some diagram R' such that Ri, can be obtained from R! by a sequence of b type II 
destabilizations that occur in a small neighborhood of a vertex P of the diagram One can 
see that the vertex P is then a bypass of weight b, and transition from R' to R^ is a replace- 
ment of the bypassed path by P, see Fig. [26j It now follows from Propositions [2] and Q] that 





Figure 26. A bypass a of weight b = 3 

there exists a bypass of weight b for R, and placing it instead of the bypassed path results in a 
diagram that is Legendrian equivalent to R^. □ 

Remark 1. It follows from Theorem [6] that the restriction on the weight of the bypass in the 
hypothesis of the Key Lemma is actually unnecessary, the weight of a bypass is always smaller 
than the number of vertical edges of the component to whose edges the ends of the bypass are 
attached. 
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Remark 2. Theorem [6] can be strengthen by allowing simplifications on different components 
and by introducing an appropriate notion of independent bypasses. Namely, bypasses are 
independent if the corresponding discs mentioned in the bypass definition are disjoint. If there 
is a collection of independent bypasses, then each of them independently provides for as many 
successive elementary simplifications on the component it is attached to as is its weight. The 
proof of this statement encounters no new difficulties compared to the one of Theorem [6l but 
in order to keep exposition clearer we prefer to restrict ourselves to the case of a single bypass. 

Theorem 7. Let C± and £2 be two Legendrian types of Legendrian links whose topological 
types are mirror images of each other. Then there exists a rectangular diagram R such that the 
Legendrian links Lr and Lr^ have Legendrian types C\ and L2, respectively. 

Proof. Let Ri and R2 be rectangular diagrams whose corresponding Legendrian links L^ and 
Lr^ have types C\ and £2, respectively. Then the topological link types defined by them are 
the same, and the diagrams can be obtained from each other by a sequence of elementary 
moves. 

By Lemma [1] we may assume that the sequence starts from stabilizations, then only commu- 
tations and cyclic permutations occur for a while, and destabilizations occur at the end of the 
sequence. Lemma [2] implies that, moreover, we can make it so that stabilizations of different 
types occur far from each other, i.e. in small neighborhoods of different vertices. In this case 
they commute, and we may assume without loss of generality that first all type I stabilizations 
occur, and then follow all type II ones. Since type I stabilizations do not affect the Legendrian 
type of we may simply assume that they are not present in the sequence. 

Similarly, we may assume without loss of generality that our sequence of elementary moves 
does not include type II destabilizations. 

Starting from the diagram R\ and having made all (type II) stabilizations we get a dia- 
gram R' that can be turned into R\ by type II elementary simplifications, and into R2 by 
type I elementary simplifications. It now follows from Theorem [T] that a rectangular diagram R 
exists that can be obtained from R 2 by type II elementary simplifications and is Legendrian 
equivalent to R\. The diagram R is a sought for one. □ 

Theorem [7] and relation ([2]) imply a positive answer to Question 1 by J.Green from [T5] : 

Corollary 3. If R is the simplest rectangular diagram representing a given link type, then Lr 
has the largest Thurston-Bennequin number among all Legendrian links of the same topological 
type. 

4. Proof of the Key Lemma 

The plan of the proof is as follows. 

• With the rectangular diagram R and the rectangular paths a and j3 we associate geo- 
metrical objects R, a, ft in R 3 that are called arc presentations. 

• We span the trivial knot a U (5 by a disc D that obey certain restrictions. By using the 
"open book" foliation we introduce a special combinatorial structure on the disc. 

• Then we apply induction. For the induction step we modify R U D in a certain way 
so that the disc D gets simpler. As a result, type II destabilizations may occur on the 
path (3, type I stabilizations on a, and commutations as well as cyclic permutations 
may occur everywhere in the 0-diagram R U a. 
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• Rearranging saddles is an operation that shortens a or f3 in some cases, and in others 
leads to a situation in which smoothing out a wrinkle inside the disc D is possible. 

• Smoothing out a wrinkle simplifies the disc D. If the wrinkle is at the boundary, then 
a or (3 shortens. 

• If further simplification of D is impossible, then D has a standard form, and the tran- 
sition from R to (R \ /?) U a is a type II elementary simplification. This is the induction 
base. 

4.1. Arc presentations. We fix the standard cylindrical coordinate system (p,6,z) in M 3 
whose axis will be denoted by £ and called the binding line. The half-planes of the form 
{9 = const} will be called pages. A page {9 = 9o} will be denoted by Ve - 

Definition 9. By an arc presentation of a topological link type £ we call a link L e £ composed 
of a finite number of smooth simple arcs with endpoints at £, each arc lying in a separate page 
and having its interior disjoint from the binding line. Intersection points L(l£ are called vertices 
of the arc-presentation L. 

As noticed in [5] arc presentations viewed combinatorially are the same thing as rectangular 
diagrams. More precisely, to any arc presentation L there corresponds a rectangular diagram R 
whose vertices are those points (9q, zq) G M 2 , 9q G [0, 27r) for which the link L has an arc in the 
page Ve with an endpoint at z = z , see Fig. [271 



A 




Figure 27. An arc presentation and the corresponding rectangular diagram 

The inverse construction, an arc presentation from a rectangular diagram, is obvious with 
just one remark: the rectangular diagram should be contained in the strip [0, 2ir) x M, which 
impose no restriction on the combinatorics of R, and is assumed by default in the sequel. The 
arc presentation corresponding to a rectangular diagram R will be denoted by R. 

For a rectangular path 7, the associated book-like path 7 is defined similarly provided that the 
ends of 7 are horizontal. Namely, to any vertical edge [(6> , Zi), (#(b z 2 )} of 7 there corresponds 
an arc of 7 in the page Vq with endpoints at z = Z\ and z = z 2 , see Fig. [23 Only such 
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Figure 28. Book-like path and the corresponding rectangular path 

rectangular paths are considered in the sequel. By the length of such a path 7 we call the 
number of vertical edges in 7, which coincides with the number of pages occupied by 7. 

Note that the geometric realization X of a rectangular diagram or path X has an inessential 
difference from the one denoted by X in Subsection 13.21 To obtain X from X one only needs 
to designate £2 to be the binding line, smoothen the arcs, and rotate them around the binding 
line keeping preserved their cyclic order. 

By the hypothesis of the Key Lemma there is a bypass a of weight b for the rectangular 
diagram R, and, moreover, the component of R containing da has complexity larger than b. 
Nothing is assumed on the position of the ends of the bypass, but by using the end shift move 
we can place the ends to any edges of the same components. So, without loss of generality we 
may assume that the following condition is satisfied. 

Convention 4. Throughout the rest of the section it is assumed that the ends of the bypass a 
lie on horizontal edges of the diagram R, and the length of /3 equals exactly b. 

4.2. Suitable disc D. Now we proceed with constructing an embedded cooriented two-dimensional 
disc D <-» IR 3 satisfying the following conditions: 

(Dl) the boundary dD coincides with a U j3, and the interior of D is disjoint from RUa; 
(D2) D is the image of a (a + 6)-gon under a regular smooth map that takes the vertices of 

the polygon to the vertices of the knot aU/3, where a is the length of a; 
(D3) the interior of D intersects the binding line £ transversely finitely many times; 
(D4) D is orthogonal to £ at points from dD D £ and, moreover, for any of the common 

endpoints of a and (3 the arc of R \ /3 coming from this endpoint lies outside of the 
^-interval occupied by D D U, where U is a small neighborhood of the endpoint (see 

Fig. [2D; 

(D5) the foliation with singularities J 7 defined on D \ £ by the restriction of the form dd has 
only simple saddle singularities inside D and have no regular closed fibers; 

(D6) at points from D (1 £ the coorientation of D coincides with the orientation of £; 

(D7) there is exactly one positive (respectively, negative) half-saddle (see definition below) of 
the foliation J 7 at every arc of the form a D Vt (respectively, j3 D Vt); 

(D8) all saddles and half-saddles of the foliation J 7 lie in different pages. 
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Figure 29. Relative position of a suitable disc and the link at the endpoints 
of a and f3 

Most of these conditions are quite common for the technique we are going to explore, see [U 
El [71 [8], and we discuss them only briefly. The new observation here is the consistency of 
Condition (D(7]) with the others, which holds when constructing the disc D as well as during 
its subsequent simplification. 

A disc D satisfying (D1-D8) will be called suitable. Now we proceed with its construction. 

Recall that, by the bypass definition, in the link defined by the diagram (R \ 0) U a U (a U 
U the components represented by (aU (3)^ U (aU /3)^ are unknotted and unlinked 

with the rest of the link, and their linking number is equal to —b. Here X^ stays for the result 
of shifting a set X by the vector (e, e), and X^ for that of shifting by the vector (— e, — e) with 
small enough e > 0. 

We also introduce notation X^ and X^ for the results of shifting of X by (— e, e) and (e, — e), 
respectively, notation X^ for I/ < Ul / , and X^ for I^Ul\ 

We claim that the two components presented by U in the link (R \ 0) U a U U 
are unlinked with the rest of the link and with each other. 

Indeed oi^ U p* is obtained from U 0^ by b forbidden commutations of vertical edges 
originating from edges of /3, each increases the linking number by one, see Fig. [30j 




Figure 30. A "forbidden commutation" increases the linking number by one 

These changes do not exchange edges of the altered components with edges of the diagram 
(R\/3) U a, hence, each of the modified components remain unlinked with (R \ 0) U a. 
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Now we proceed from rectangular diagrams to arc presentations. The path is obtained 
from a by a small rotation around the binding line I in positive direction (the one in which 9 
grows) and a small upward shift, see Fig. ED 




I 



Figure 31. Paths a and 

Similarly, \, ^ , and \ will denote a negative rotation combined with an upward shift, a 
negative rotation combined with a downward shift, and a positive rotation combined with a 
negative shift, respectively. 

Denote by S a narrow band that spans the link a** U whose core line coincides with the 
trivial knot a U /?. The band S is composed of strips each of which binds to the binding line 
at the ends and is twisted a half turn as shown in Fig. [32j 




Figure 32. Strips forming the band S 

The boundary of S forms a trivial link of two components each of which — and we see in a 
moment that their union, too — is unlinked with (R \ (3)Ua, and the core a U /3 of S is spanned 
by an embedded disc whose interior is disjoint from R. In other words, topologically we have 
the picture shown in Fig. [33j 

It means that we can find a spanning disc for the unknot a U (3 such that the interior of D be 
still disjoint from R, and D be orthogonal to S at the boundary. Additionally, we can ensure 
that the disc D and the curve R\(3 approach each of the endpoints of a from opposite sides of S, 
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Figure 33. The band S viewed topologically 

and also that the general position requirements (D(2]) and (E(2]) are fulfilled. Conditions (Dd]) 
and (DHJ) are satisfied by construction. 

Now we consider the foliation J 7 defined by the closed 1-form d6 on D. This foliation is not 
defined at intersection points of D with I and has singularities at the tangency points of D 
with pages Vt- By general position argument we may assume that all singularities are of Morse 
type. 

Since D is orthogonal to S along dD, there are singularities of J 7 at dD. Namely, since each 
of the strips making up the band S and resting on i is twisted a half turn, there is a half-saddle 
at each corresponding segment of the boundary, see Fig. [3H 

I A 




Figure 34. Half-saddle 



With every saddle or half-saddle we associate a sign "+" or "— " depending on whether 6 
increases or decreases in the direction of the coorientation of D at the (half-)saddle. 
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Intersection points of D with the binding line will be called vertices of D, and we will 
distinguish boundary and internal vertices in accordance with the position of the vertex. To 
each vertex we also assign "+" or "— " indicating whether or not the coorientation of D at the 
vertex coincide with the orientation of I. 

Since the disc boundary twists a half turn between any two boundary vertices, one can see 
that all boundary vertices will have the same sign. We choose the coorientation of D so as to 
make them all positive. This ensures fulfilling of condition (E(6]). 

Moreover, it can be seen from the construction above that condition (Ed) is then automati- 
cally satisfied. 

Validity of condition (E(H]) is achieved by a small perturbation of the disc D. It remains 
to take care of condition (IE]), which means the absence of pole type singularities and closed 
regular fibers of the foliation J 7 . This is done in a standard way. 

Namely, we remove from D the union of all discs bounded by closed fibers of J 7 . As a result 
holes appear in D around each of which the foliation looks as shown in Fig. [351 



Figure 35. Foliation J 7 around a hole 

The boundary of each hole consists of a separatrix forming a loop. It is contained by whole 
in a single page, and bounds a disc in it. By gluing up the hole by this disc and deforming the 
surface slightly we get rid of the singularity. The only type of singularity that the foliation T 
can have inside D after that is a simple saddle, and no separatrix forms a loop. 

Every regular leave of the foliation J 7 has the form of an arc joining two vertices of opposite 
sign. There are four (respectively, three) separatrices attached to every saddle (respectively, 
half-saddle), and the other ends of them approach vertices. So, the whole disc D with foliation T 
can be cut along regular leaves into tiles where the foliation looks as shown in Fig. [SB 

The union of all separatrices of J 7 cuts the disc D into parts that we call cells of J 7 . Each cell 
is filled by regular leaves and has two vertices of opposite signs and two (half-) saddles whose 
signs may be arbitrary, at the boundary, see Fig. [371 

4.3. The induction. It will be handy for as to call saddles and half-saddles in the sequel just 
saddles, and in order to distinguish saddles in the interior of D we will call them internal. 

Thus, we have a tuple of objects (R, a, 0, D) in which a is a bypass of weight b and length a 
with ends at horizontal edges of a rectangular diagram R, j3 is the bypassed path of length b, and 
D is a suitable disc for (R, a). We aim at showing that one can apply b successive elementary 
simplifications to R so as to obtain a diagram Legendrian equivalent to (R \ /?) U a. We do it 
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Figure 36. The foliation T is composed of such patterns 




Figure 37. A cell of T 

by induction in the tuple (a + b, c, d), where c is the number of internal vertices of D, and d is 
the number of internal saddles that do not lie at bridges (see below). Triples (a + b,c,d) are 
ordered lexicographically. 

By a bridge we call an arc in D connecting two boundary vertices that is composed of two 
separatrices, see Fig. [38j 




Figure 38. A bridge 

The induction base corresponds to a = b — 1, c = 1, d — 0. For the induction step, in all 
other cases, we modify the tuple (R, a, (3, D) into another tuple (R', a', (3', D') with the same 
properties (for which the lengths of a' and /?', the number of internal vertices of D', and the 
number of internal saddles located outside bridges are denoted by a', b', c', and d', respectively) 
so that one of the following cases occur: 
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(El) R R' is a type II elementary simplification, the transformation (R \ /?) U a *-)■ 
(R' \ /3') U a' preserves the Legendrian type of the diagram, and we have a' = a, 
b' = b- 1; 

(E2) R' is obtained from R by commutations and cyclic permutations, (R \ (3) U a *->• (i?' \ 
/?') U a' is a type I elementary simplification, and we have a' = a — 1, V = b; 

(E3) R' U a' is obtained from R U a by commutations and cyclic permutations, and we have 
a' = a, V — b and either d — c — 2 or d = c, d! = d — 1. 
Whether one of these modifications can be made is determined solely from the existence of 
certain patterns in the foliation J 7 , where the signs of vertices and saddles are also taken into 
account. Why this is so and how R, (3, a are changed is discussed in subsequent subsections. 
Here we only describe how the foliation J 7 changes and show that at least one of the patterns 
of T that enables the induction step is always present. 

By the star of a vertex of D (internal or boundary one) we call the union of all regular leaves 
approaching this vertex. The valence of a vertex is the number of separatrices having it as an 
endpoint. 

Rearranging of saddles, which may be ordinary, i.e. internal, saddles or half-saddles at the 
boundary dD, is possible once two saddles of the same sign appear at the boundary of the same 
cell. The change of the foliation J 7 is shown in Fig. [33 SOI HH 




Figure 39. Rearranging of internal saddles 




Figure 40. Rearranging an internal saddle and a half-saddle 

If the two saddles being rearranged are negative half-saddles, then case (El) occurs, if they 
are positive half-saddles, then so does case (E2). If at least one of the saddles being rearranged 
is an internal one, then the diagram R U a undergoes commutations and cyclic permutations, 
and the numbers a, b, c do not change. We will use this in a special situation which will lead 
to case (E3). 

Smoothing out a wrinkle is possible once an internal 2-valent vertex appear, and one of the 
following two conditions hold: 

(i) the 2-valent vertex is connected by a regular leaf with another internal vertex (Fig. 1421) . then 
case (E3) takes place; 

(ii) the star of the 2-valent vertex contains exactly one half-saddle (Fig. 143]) . then we have 
case (El) for a negative half-saddle and case (E2) for a positive one. 
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Figure 41. Rearranging two half-saddles 




Figure 42. Smoothing out a wrinkle inside D 



Now we show that the inequality a + b > 2 implies that at least one of the variants (El), 
(E2), or (E3) of the induction step is applicable. 

If there are no bridges in D we set Dq = D. Otherwise, among the parts into which the 
bridges cut the disc D there are at least two discs whose boundary contains just one bridge. 
Such discs will be called terminal. Let us mark all endpoints of bridges and those of a. The 
boundary of at least one terminal disc will contain no more than three marked vertices at the 
boundary. We take this disc as Dq and consider the restriction of J 7 to Dq. 

Let \4 be the number of internal vertices of Dq of valence k, and the number of fc-valent 
vertices at the boundary dD (the valence is determined with respect to D ). By construction, 
the vertices and half-saddles at 8Dq follow in the alternate order (the saddle at the bridge that 
cuts out D from D is regarded as a half-saddle for D ). Therefore, there are J2k Bk half-saddles 
at dD , and the number of saddles inside Dq is one less than that of vertices, i.e. J2k ^ ~~ 1> 
by the Euler characteristics argument. Notice also that there are no vertices of valence < 2 at 
the boundary as well as inside the disc Dq. 

Now we count the number of separatrices in two ways, at the vertices and at the saddles. 
There are three separatrices coming out from every half-saddle, and four from every internal 
one. Therefore, 
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Figure 43. Smoothing out a wrinkle at the boundary of D 
Rearranging the summands gives 

(3) B 2 + 2V 2 + V 3 = 4 + - 3)5 fc + - 4)V fc ^ 4. 

If we have V2 > 0, then there is a two-valent vertex inside D . If at least one of the other 
vertices in its star is an internal one, we can smooth out a wrinkle inside D. If both other 
vertices in the star lie at dD, then D is the whole star. Then if we have D ^ D, then a 
wrinkle at the boundary of D can be smoothed out. Finally, if we have Dq = D, then the 
case a = b = c=l, d = occurs, which is the induction base. 

Now let V2 = 0, V3 > hold, i.e. assume that there is a three-valent vertex P inside Dq. Its 
star contains two saddles of the same sign, to which a rearranging of saddles is applicable. If 
both saddles lie at dD the rearranging results in reducing one boundary vertex. Otherwise the 
numbers a, b, and c are preserved, but P turns into a two-valent vertex. 

In the latter case, both vertices in the star of P distinct from P may lie at the boundary dD. 
This means that the rearranging results in appearing a new bridge, and we have d! = d — 1. 
Otherwise, we can smooth out a wrinkle inside D. In both cases we have induction step (E3). 

If V2 = V3 = hold, then ([3]) implies B 2 ^ 4. By construction there are at most three vertices 
at the boundary of -Do that are endpoints of a bridge or of the patha, hence at least one of the 
two-valent boundary vertices is not such. It is internal for either a or (3 and is two-valent with 
respect to D, not only Dq. Rearranging of the saddles in its star results in the reduction of this 
vertex. 

Now we describe in detail the manipulations that allow for the induction step in all the cases 
mentioned above. 
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4.4. Rearranging of saddles. This trick is applicable whenever there is a cell A in D with 
two saddles of the same sign at the boundary. Let Si and S 2 be those saddles, and Vg 1 , Vg 2 be 
the pages containing them, with < 9i < 9 2 < 2ti and the disc A lying in the sector 61 ^ 9 ^ 9 2 
(we can always achieve this by rotating the whole construction around the binding line, as the 
result of which the diagram RU a may undergo only a few cyclic permutations), see Fig. HH 




Figure 44. Pulling saddles of the same sign toward each other 



Denote this sector by K. The disc A cuts it into two parts, which we denote by K\ and K 2 . 
The coincidence of signs of the saddles S\ and £2 means that the separatrices coming out from 
them and not lying at the boundary of A lie in K at different sides of A. By choosing a proper 
numeration of K\ and K 2 we may ensure that the separatrices coming out from Si lie at the 
boundary of % — 1, 2, which is assumed in the sequel. 

If there are arcs of R U a or saddles of J 7 inside K\, then by rotating the arcs around i 
in the positive direction and deforming the disc D one can push all them out of K into the 
region 9 2 < 9 < 6 2 + e with small enough e > 0. Similarly, arcs and saddles that got inside K 2 
can be pushed into the sector Q\ — e < 9 < 61 by a negative rotation and a deformation of the 
disc D. As a result, the corresponding G-diagram RU a may undergo only commutations of 
vertical edges, whereas the combinatorial structure of the foliation J 7 stays unchanged. 

In this way we remove all possible obstructions to pulling the saddles Si and S 2 toward each 
other. If both saddles are internal, then one can collapse the cell A completely by deforming 
the disc D, thus producing a "monkey saddle", which can be resolved into a pair of simple 
saddles in three different ways. Fig. |45] shows subsequent sections of the altered part of the 
disc D by pages from the sector K, for all three cases. 
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Figure 45. Three ways to resolve a "monkey saddle" 

If exactly one of the saddles Si, S2 is a half-saddle, S2, say, then only two of the three 
resolutions of the "monkey saddle" are left, see Fig. | 




Figure 46. Two resolutions of a "monkey saddle at the boundary 

If both Si and S2 are half-saddles, then after the procedure described above of pushing arcs 
and saddles off the sector K, only two arcs from a U (3 remain in K, which contain the half- 
saddles Si and S*2. The vertical edges of the B-diagram RU a corresponding to these arcs 
become neighboring, so, after a few commutations one can apply a destabilization, see Fig. Wf\ 
where on of the four possible cases of the position of A in the three-space is shown. Other cases 
are obtained from this one by symmetries in a plane orthogonal to i and the bisector plane 
between pages Ve 1 and Vq 2 . 
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Figure 47. Pulling half-saddles to each other and a destabilization 



Moreover, since the sings of the half-saddles Si and S2 coincide, they both lie either in a or 
in /3. It can be checked directly that in the former case, a undergoes a type I destabilization, 
and in the latter case, /3 undergoes a type II destabilization. Fig. HH] shows how the sequence 
of sections of D by pages from the sector K changes. The original sequence is shown in the 
upper row, and the sequence after rearranging of saddles in the lower one. 




Figure 48. The change of the sections under rearranging of two boundary saddles 
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In each case of rearranging of saddles one can directly check that the saddle signs are pre- 
served, and that the the foliation J 7 changes as shown in Fig. [2H1 EH SH Every type of rearrang- 
ing we needed to apply to the diagram RU a only cyclic permutations, commutations and — in 
the case of rearranging saddles at the boundary — a destabilization. So, the requirements of the 
corresponding induction step (El), (E2), or (E3) were satisfied. 

4.5. Smoothing out a wrinkle. Let Pq be an internal two-valent vertex of D. For now we 

do not wonder if the two other vertices in its star, Pi and P2, say, are internal or boundary 
ones. The star of Pq consists of two cells that will be denoted by Ai, A 2 in accordance with 
the positions of vertices Pi and P 2 . Let the ^-coordinates of P , Pi, and P 2 be z , Zi, and z 2 , 
respectively. Without loss of generality we may assume that these points follow on the binding 
line in this order: Z\ < z < z 2 . Indeed, if z does not lie between z\ and z 2 , we can add 
the 00 point to M 3 (and to the binding line), thus obtaining a three-sphere, and then remove an 
arbitrary point from the interval between z\ and z 2 disjoint from DU R. For the corresponding 
6-diagram RUa this operation leads to a cyclic permutation of horizontal edges and, possibly, 
the ends of the path a. 

If we have z 2 < z < zi, we can simply exchange notation for Pi and P 2 . 

Also without loss of generality we may assume that the cell Ai is contained in the half- 
space 9 G [0, 7r], and the cell A 2 in the half-space 9 G [7r,27r]. Indeed, this always can be 
achieved by applying a mapping of the form (p, 9, z) t— >■ (p, f(9), z), where / is an appropriate 
degree 1 diffeomorphism of the circle into itself. Such a mapping is isotopic to identity. The 
corresponding diagram R U a may undergo only cyclic permutations of vertical edges. 




Figure 49. Position of a wrinkle in the three-space 

The position of the cells A 1; A 2 in the three-space is shown in Fig. H9j Each of A 1; A 2 cuts 
off a three-dimensional half-ball from the corresponding half-space. We denote those half-balls 
by Ki and K 2 , respectively. 
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By deforming the disc D and rotating arcs from RUa around the binding line we can push 
all saddles of J 7 and arcs of R U a out of K\ and Ki- This will result only in commutations 
and cyclic permutations of vertical edges of the corresponding diagram R U a. The following 
rectangles will become clear of vertices of the diagram RU a: 

[0,7r] x [z u Zo] and [ir, 2ir) x [z , z 2 ]. 

Now there are no topological obstruction to moving all vertices of the disc D, of the link R, 
and of the path a from the interval (24,2:0) to the interval (22,22 + s), and from the inter- 
val (zq, Z2) to the interval (24 — £,24), with small enough e, see Fig. |50j In each of the two 




FIGURE 50. Changing vertex positions during smoothing out a wrinkle 

portions of shifted vertices their relative order at the binding line is preserved. 

Notice that no section of the form P f D (D UR) contains more than one arc coming out from a 
single vertex of the disc D or the link R. In the present construction this is important to know 
for vertices Pq, Pi, and P2 as otherwise there could be an obstruction to the vertex exchange 
described above. The absence of pairs of arcs with a common end in pages Vt is ensured by 
conditions (D(3]) and (EE]) from the definition of a suitable disc. 

Now there are no vertices of the disc D and the link R between P\ and P2 except the vertex P$. 
Further actions depend on the position of the pattern Ai U A 2 with respect to the boundary 
of D. 

If one of the vertices Pi or P 2 is internal, then two vertices can be reduced by a deformation 
of the disc, see Fig. [5U where it is assumed that P\ is an internal vertex. This deformation can 
be chosen so as to realize the change of the foliation J 7 shown in Fig. H2J 

In this procedure the boundary of D is untouched, so, the disc remains suitable. 

Now let both vertices P\ and P2 lie at the boundary of D. We did not need in subsection 14.31 
to smooth out a wrinkle in the case when the star A x U A 2 of the vertex P was bounded by 
two bridges. We excluded this situation by choosing D among terminal discs. 

Thus, if we have P\,P2 € dD, then at least one of the two arcs with endpoints P\,P2 that 
bound Ai U A2 is contained in a U fi. First we consider the case when there is just one such arc 
and it is contained in a, which means that it contains a positive half-saddle. The considered 
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Figure 51. Removing a wrinkle 

positions of the cells Ai and A2 imply that the positive half-saddle will be the one in the 
page V n , see Fig. |52j 




Figure 52. Relative position of a wrinkle and arcs of a U (3 

In this case smoothing out a wrinkle is as follows. First we remove the interior of AiU A 2 with 
the part of the boundary contained in a. Then we collapse the segment [Pi, P2] of the binding 
line to a point, and the disc that is cut off the page P by the separatrices lying at <9(Ai U A 2 ) 
to a straight line segment, see Fig. [53] 

In the corresponding rectangular diagram this results in collapsing of the vertical edge tt x 
[zi,Z2], which is included in a, see Fig. [54j There are no other vertices of R U a in the 
strip E x [21,22]) hence this transformation can be decomposed into a few commutations and 
a destabilization provided that the path a contains at least two edges. Namely, if the edge 
z = z\ belongs to a, then the short vertical edge ir x [zi,z 2 ] must be shifted to the right by 
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Figure 53. Collapsing a disc in the page To 



using commutations until the edge z — Z\ becomes short, and then a destabilization is applied. 
If this edge does not belong to a, then the short vertical edge must be shifted similarly to the 
left. 

One can see from the relative position of the reduced edges that the destabilization is of 
type I. One can also see that the corresponding change of the foliation J 7 has the form shown 
in Fig. i3J 



-2 
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Figure 54. Change of the rectangular diagram a U (3 under smoothing out a 
wrinkle at the boundary 



If Ti x [zi,Z2] is the only edge of the path a, a destabilization is impossible. Suppose this 
situation do occur. Then the diagram a U (3 still admits a type I destabilization that results 
in a diagram of the unknot of complexity equal to its Thurston-Bennequin number. Due to 
relation ([2]) this contradicts Theorem [3j 

Thus, the situation when ir x [21,22] is the only edge of a, which creates an obstacle to 
smoothing out a wrinkle, cannot occur. 

If there is exactly on arc of a U (3 at the boundary of the disc Ai U A2 and it is contained 
in {3, then a similar procedure allows to simplify the path (3. The length of (3, which is at the 
same time the weight of the bypass a, decreases by one. From the symmetry argument the 
path (3 undergoes a type II simplification. 

This time for smoothing out a wrinkle the path f3 must have more than one edge, which is 
again proved by contradiction. Namely, if (3 consists of a single edge, then we have tb(aU/3) = 
— 1, and aUf3 admits a type II destabilization, which results in an unknot diagram with tb = 0, 
a contradiction with Theorem El 
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In all cases of smoothing out a wrinkle, the diagram RUa undergoes only cyclic permutations, 
commutations and — in the case of a wrinkle at the boundary — a destabilization, hence, the 
requirements of the corresponding induction step (El), (E2), or (E3) are satisfied. 

Finally, the boundary of the disc Ai U A2 may coincide with a U /3. This means that each 
of the paths a and consists of a single arc, and the disc Ai U A2 coincides with D. This 
situation is discussed below. 

4.6. The induction base. We keep settings from the previous section. As a result of the 
manipulations described there we come to the situation when a and /3 each have exactly one 
edge that are n x [zi, z 2 ] and Ox \z\, z 2 ], respectively, and the ends of the path R\(3 are located 
inside the straight line segments [0,7r] x z 2 and [ir, 2ir} x Z\, see Fig. ISTjI 




Figure 55. Relative position of the wrinkle and the arcs of R U a for a disc 
simplified as much as possible 




R\P 



Figure 56. Simplification of R U a corresponding to a bypass of weight 1 and length 1 
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In addition, there are no vertices of R U a inside the strip Rx [z±, Z2], see Fig. [56j Clearly, 
one can apply a type II simplification to R so as to get a diagram that can also be obtained by 
a type I simplification from (R \ /3)U a, which means it is Legendrian equivalent to (R\ 0) U a. 

The Key Lemma is proved. 

Yet another proof of the monotonic simplification theorem for the unknot. In the prof of Corol- 
lary[2]we used Eliashberg-Fraser's classification theorem, which states much more that we would 
need if we don't apply the Key Lemma as is, but repeat its proof with small (simplifying) mod- 
ifications. 

Let K be a rectangular diagram of the unknot. Denote by a and b the numbers (— tb(K r ^)) 
and (-tb(K)), respectively According to Theorem [3] we have a, b > 0. Recall that according 
to (J2J) the total number of vertical edges in K equals a + b. Therefore, the diagram K can 
be represented as the union of two rectangular paths a and (3 having a and b vertical edges, 
respectively. 

Now we just have to return to the beginning of Section 14.21 and repeat the procedure of 
construction and simplification of the disc D ignoring the presence of the rectangular path 
R \ (3 and everything related to it. □ 

5. Applications to braids and transversal links 

5.1. Birman— Menasco classes. According to a well-known theorem by J.Alexander p] any 
oriented link can be presented in the form of a closed braid, an example is shown in Fig. [57j 
Another well-known theorem, due to Markov [T7J [3] , claims that the closures of two braids are 




Figure 57. Closure of the braid (a 2 1 a 1 ) 2 

equivalent as oriented links if and only if they can be obtained from each other by transfor- 
mations that are now called Markov moves. These moves include conjugation in the standard 
group sense, stabilizations and destabilization (see Fig. EE}, which are described in algebraic 
terms as follows. 

We denote the n-strand braid group by B n , and the standard Artin generators by <Ti, . . . , er n -i. 
The embedding t n : B n — > B n+ i is defined by adding a free (n + l)th strand and is written 
tautologically in terms of generators: tTj CTj, i = 1, . . . ,n — 1. 

In this notations a stabilization of a braid /3 G B n is defined as the transition 

(3 H- t n ((3)a^. 

The stabilization is said to be positive or negative depending on the power of the generator o~ n 
being used. A destabilization (positive or negative, respectively) is defined as the inverse 
operation. 
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Figure 58. Stabilization applied to a braid f3 



A "monotonic simplification theorem" is proved in [5] that states that every braid whose 
closure is an unknot can be transformed into the trivial braid on one strand by using moves 
that include conjugations, destabilizations, and exchange moves introduced by J.Birman and 
W.Menasco, which are defined algebraically as follows: 

P\O n p 2 a~ l «-> Pi<r~ x P2<7n, where /3i,f3 2 G t n (B n ), 
see Fig. [59j The inverse transformation is obviously decomposed into conjugations and another 



p2 




Figure 59. Exchange move 

exchange move. (Strictly speaking, a larger family of moves is used in [5], but those moves 
can be readily expressed through the ones defined above. This fact was noticed by the authors 
of [5] later.) 

Definition 10. By the Birman-Menasco class of a braid /3 G B n we call the set of all braids (3' G 
B n that can be obtained from /3 by a sequence of conjugations and exchange moves. This class 
will be denoted by [/3]bm, whereas the set of all Birman-Menasco classes in B n will be denoted 
by BM n . 

We say that a class B G BM n admits a positive (respectively, negative) destabilization B B' 
if there is a positive (respectively, negative) destabilization (3 t-> (3' with (3 G B and 0' G 
B'. In this case we also say that B is obtained from B' by a positive (respectively, negative) 
destabilization. 

Theorem 8. Let Birman-Menasco classes B\ and B 2 define equivalent oriented links. Then 
there exists a Birman-Menasco class B that can be obtained from B\ by a sequence of positive 
stabilizations and destabilizations, and from B 2 by that of negative ones. 

The same is true with Birman-Menasco classes replaced by braid conjugacy classes. 



Before proceeding with the proof we recall the connection between rectangular diagrams and 
braids. 
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Throughout this section we deal only with oriented rectangular diagrams of links. This 
means that all their edges are oriented in a consistent way, namely so as to have an oriented 
link diagram. It is convenient to specify the orientation by coloring vertices in black and white 
so that vertical edges be directed from a black vertex to a white one, and horizontal ones vice 
versa. Rectangular diagrams with such coloring are also called grid diagrams in the literature. 

In the case of oriented rectangular diagrams, one naturally distinguish four rather than two 
types of stabilizations and destabilizations, which we will call oriented types. Namely, each of 
the types I and II is subdivided into two types: I , I and it, tr , respectively, where the arrow 
indicates the direction of the short horizontal edge that emerge from the stabilization. All four 
types are demonstrated in Fig. E01 in terms of colored vertices. 



n n n 

L IL LI 



LI 



type ~T* type 1~ 



type 
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Figure 60. Oriented types of (de) stabilizations 



With every oriented rectangular diagram R we associate a braid /3r by the following rule 
(see. [7J El ED])- Let all vertices of R be contained in the domain [0, 1] x R. Replace each hori- 
zontal edge [xi, x 2 ] x y directed from right to left by the pair of straight line segments [0, x±] x y 
and [x2, 1] x y . At every crossing of vertical and horizontal segments the former are considered 
overpasses. Now we slant vertical edges slightly and smooth out corners so as to obtain a braid 
diagram of (3r, see Fig. 




Figure 61. The braid associated with a rectangular diagram 



Proposition 3. Any braid can presented in the form /3r for an appropriate rectangular dia- 
gram R. 

For any rectangular diagram R, the corresponding oriented link is equivalent to the closure 
of the braid /3r. 

Let R and R' be oriented rectangular diagrams. Then the Birman-Menasco classes of the 
braids (3 R and /3ri coincide if and only if the diagrams R and R' can be obtained from each 
other by a sequence of elementary moves not including stabilizations and destabilizations of 
types i and II. 
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For a proof see [20] . 

One can see that a I -stabilization of a diagram R causes a positive stabilization of the 
class [/3r]bm> an d a tl-stabilization causes a negative one. Since I - and it-stabilizations pre- 
serve the class [/3r]bm; we see that diagrams obtained from an oriented rectangular diagram R 
by stabilizations of different oriented types cannot be obtained from each other by cyclic per- 
mutations and commutations. 

Proof of Theorem 0. Let R\ and B 2 be oriented rectangular diagrams such that we have P^ G 
B\ and (3r 2 G B 2 . By construction the closures of the braids Pi, (3 2 are equivalent, hence, by 
Proposition [31 the diagrams R\ and B 2 define equivalent oriented links. 

By Theorem [7] there exists a diagram R that is Legendrian equivalent to R± and such that 
BT* is Legendrian equivalent to R£. The class [/3r]bm is then a sought-for one. 

Indeed, the diagram R can be obtained from R\ by a sequence of cyclic permutations, com- 
mutations and type I stabilizations and destabilizations. Among these moves only type I 
stabilizations and destabilization affect the Birman-Menasco class of the corresponding braid, 
causing positive stabilizations and destabilizations of the latter. 

In the case of B 2 the argument is the same with changing the type of stabilizations and 
destabilizations from I to II for rectangular diagrams and from positive to negative for the 
corresponding braids. 

The second statement of the theorem, which concerns braid conjugacy classes, follows from 
the first one and an observation of J.Birman and N. Wrinkle [6] that any exchange move can 
be decomposed into a sequence consisting of conjugations, one stabilization, and one destabi- 
lization, where the stabilization and destabilization are of the same sign fixed in advance. For 
positive stabilization and destabilization this decomposition looks as follows: 

conjugation 4- 

o- n Pio- n f3 2 a~ 2 fiio-' 1 (3 2 a n 

(4) stabilization 4- t conjugation 

o' n PiO'nfi 2 o-~ 2 a n+ i o-~ 2 f3 2 a n f3ia n 
conjugation 4- t destabilization 

o-~ 2 a~l 1 f3 2 a~ 2 a n+1 a n f3 1 o- n o- n+1 al = cr~ 2 P 2 ^nPi^n^n+i 

A similar decomposition using negative stabilization and destabilization is obtained by invert- 
ing a n , cr n+ i, and the order of the moves. □ 

5.2. Jones' conjecture. For every n ^ 2 we denote by c the homomorphism from B n to Z 
defined by c(cxi) = 1. In other words, c(/3) is the algebraic number of crossings of a braid 
diagram representing p. 

In paper [H] V.Jones addressed the following question: is c(/3) taken for a minimal braid 
P an invariant of the corresponding link? By a minimal braid we mean one that has minimal 
possible number of strands among all braids representing the same oriented link. 

A positive answer to this question, which has become known as Jones' conjecture, was given 
for a few infinite series of knots, see [15] and references therein. The following, stronger, state- 
ment was formulated as a conjecture in [J5] and [H] and called generalized Jones' conjecture. 

Theorem 9. Let braids Pi G B m and P 2 G B n close up to equivalent oriented links, with Pi 
having minimal possible number of strands for this link type. Then we have 

\c(P 2 )-c(Pi)\^n-m. 
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In particular, ifn — m, then we have c(/?i) = c^). 

Proof. By Theorem [8] there exists a natural p and a braid (3 E B p such that the classes [/3]bm 
and [/?i]bm can be connected by a sequence of positive stabilizations and destabilizations, and 
the classes [/3]bm and [^Jbm by that of negative ones. 

The difference between the algebraic number of crossings and the number of strands is pre- 
served under positive (de) stabilizations, hence we have 

c(/3i) - m = c(/3) - p. 

Similarly, the sum of the algebraic number of crossings and the number of strands is preserved 
under negative (de) stabilizations, which implies 

c(/3 2 ) + n = c(/3) + p. 

Therefore, we have 

p = -(m + n + c(/3 2 ) - c(/?i)). 

From p)mwe get 

c(/5 2 ) - c(/3i) ^ m — n. 

Similarly, by choosing a braid /3 so that the class [/3]bm be connected by a sequence of negative 
stabilizations and destabilizations with [/?i]bm, and by that of positive ones with [/^bm, we get 

c(/?2) - c(/?i) ^ n - m. 

□ 

It is observed in [16] that the generalized Jones' conjecture that we have just proved is 
equivalent to the following statement. 

Theorem 10. Let planar diagrams Di and D 2 represent equivalent oriented links and have m 
and n Seifert circles, respectively, where m is the smallest possible number of Seifert circles for 
diagrams representing the same link type. Then we have 

\w(D 2 ) — w(Di)\ ^ n — m, 

where w(D) stays for the writhe of D. 

Remark 3. Our method of proving generalized Jones' conjecture is partially similar to the 
one suggested by K.Kawamuro in 2008, namely, in the reduction of the statement to "the com- 
mutativity principle". However, the formulation of the principle involved then the conjugacy 
classes of braids instead of Birman-Menasco classes, which made it invalid. 

5.3. Transversal links. 

Definition 11. By a transversal link one call an oriented link such that the restriction of the 
standard contact form u = x dy + dz takes positive values at all non-zero tangent vectors to 
the link that agree with the orientation. 

Two transversal links are said to be transversally equivalent if they are isotopic within the 
class of transversal links. 

With every braid f3 G B n one associates canonically a transversal link defined up to transver- 
sal equivalence as follows. The closure L of the braid /3 can be positioned in the space so that it 
intersects each page Vt (see notation in Subsection 14. ip transversely n times, and, moreover, the 
angular coordinate 9 is locally increasing on L in the direction defined by the link orientation. 
For small enough e > the 1-form tp*u is a small disturbation of pd9 = xdy — y dx, where ip e is 
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the diffeomorphism defined by (x,y, z) *-)• (2x,y,ez — xy), hence the link (p e (L) is transversal. 
The transversal link constructed in this way will denoted by Tp. 

Theorem 11. Any transversal link is transversally equivalent to a link of the form Tp. 

For two braids 0\ and 2 the links Tp 1 and Tp 2 are transversally equivalent if and only if the 
braids 0i and 2 can be obtained from each other by a sequence of conjugations and positive 
stabilizations and destabilizations. 

The first part of this theorem is due to D.Bennequin (2j. The second was proved by S.Orevkov 
jointly with V.Shevchishin [21] and, independently, by N. Wrinkle [21]. 

The self-linking number s\(L) of a transversal link L is defined as the difference c(0) — n, 
where £ B n is an arbitrary braid for which L is transversally equivalent to Tp. As one sees 
from Theorem [TT] self-linking number is well defined because it does not change under positive 
stabilizations. 

For a braid we denote by [0] t the set of all braids 0' for which the links Tp> and Tp are 
transversally equivalent. We call [0}t the transversal class of the braid 0. As follows from (j4j), 
every Birman-Menasco class is a subset of a transversal class. 

In the language of transversal links Theorem [8] means that, for any two braids 0i, 2 that close 
up to equivalent oriented links, there is a braid such that we have [(3} t = [0i]t, [/3 _1 ]t = [fi^^t- 

Theorem 12. Let Birman-Menasco classes B\, B 2 be contained in the same transversal class, 
and let B\ admit a negative destabilization B\ M- B[. Then B 2 also admits a negative destabi- 
lization B 2 i— > B' 2 with B[ and B' 2 being contained in the same transversal class. 

Proof. Let R 2 and R[ be oriented rectangular diagrams such that 0r 2 £ B 2 , 0^ £ B[. Then 

one can proceed from R 2 to R[ by elementary moves including exactly one II-destabilization, 

and not including fl-stabilizations. 

From Lemmas [1] and [2] we conclude that one can proceed from R 2 to R[ by a sequence 

of elementary moves in which all Tl-stabilizations go first, and all II -destabilizations go last. 
Since type II stabilizations and destabilizations don't affect the corresponding braid, we may 
assume without loss of generality that they are not present in the sequence. 

By applying Lemmas [1] and [2] again we can move the sing le iT -destabilization to the very 
end of the sequence. The obtained sequence of elementary moves with the last destabilization 
removed will contain only type I stabilizations and destabilizations. Let R be the diagram this 
sequence arrive at. By construction it is Legendrian equivalent to R 2 , and R *-)■ R[ is a type 
fl destabilization. 

It follows from Theorem \5\ that the diagram R 2 admits a type II simplification R 2 H- R 2 
with the diagrams R 2 and R[ being Legendrian equivalent. One can see that this implies 
[0R' 2 ]t = [Ar' ]t, an d that [.fi^BM [-R^bm is a negative destabilization. □ 

Finally, we notice that Theorem |9] gives a positive answer to Question 2 of [19] : 

Corollary 4. Let a braid /3 have the smallest possible number of strands among all braids 
closing up to a given oriented link type. Then the transversal link Tp has the largest possible 
self-linking number among all transversal links having the same topological type. 

Proof. Let f3 £ B m , and let 0' £ B n be any other braid closing up to the same oriented link 
type. By Theorem ITT1 we have 

sl(7» = c(0') - n <: c{0) -m = sl(7». 



50 



IVAN DYNNIKOV AND MAXIM PRASOLOV 



□ 



References 



J.Alexander. A lemma on a system of knotted curves, Proc. Nat. Acad. Sci. USA. 9 (1923), 93-95. 
D.Bennequin. Entrelacements et equations de Pfaff, Asterisque 107-108 (1983), 87-161 
J.Birman. Braids, links, and mapping class groups, Ann. of Math. Studies, no. 82, Princeton Univ. Press, 
Princeton, N. J., 1975 

J.Birman, W.Menasco. Studying links via closed braids IV: Composite links and split links, Invent. Math. 
102 (1990), 115-139 

J.Birman, W.Menasco. Studying links via closed braids V: Closed braid representatives of the unlink, 
Trans. AMS 329 (1992), no. 2, 585-606 

J. S. Birman and N. C. Wrinkle, On transversally simple knots, J. Differential Geom. 55 (2000), no. 2, 
325354 

P. Cromwell Embedding knots and links in an open book I: Basic properties, Topology and its Applications 
64 (1995), 37-58 

I.Dynnikov. Arc-presentations of links: Monotonic simplification, Fund. Math. 190 (2006), 29-76 
Y.Eliashberg, M.Fraser. Classification of Topologically trivial Legendrian knots, CRM Proc. Lecture Notes 
15 (1998), no. 15, 17-51 

Y.Eliashberg, M.Fraser. Topologically trivial Legendrian knots, J. Symplectic Geom. 7 (2009), no. 2, 77-127 
T.Erlandsson. Geometry of contact transformations in dimension 3. Doctoral Dissertation, Uppsala, 1981. 
J.Etnyre. Transversal torus knots, Geometry and Topology 3 (1999), 253-268 

K.Honda. On the classification of tight contact structures I, Geometry and Topology 4 (2000), 309-368 
V. F.R.Jones. Hecke algebra representations of braid group and link polynomials, Ann. of Math. 126 (1987), 
335-388. 

K.Kawamuro. The algebraic crossing number and the braid index of knots and links, Algebraic & Geometric 
Topology, 6 (2006), 2313-2350. 

J.Malesic; P.Traczyk. Scifcrt circles, braid index and the algebraic crossing number. Topology Appl. 153 
(2005), no. 2-3, 303-317. 

A. Markoff. Uber die frcic Aquivalenz der geschlossenen Zopfe, Matematicheskij sbornik 1(43) (1936), 1, 
73-78. 

H.Matsuda, W.Menasco. On rectangular diagrams, Legendrian knots and transverse knots, preprint, 
larXiv:0708.2406V l 

L.Ng. On arc index and maximal Thurston-Bennequin number, preprint 



http://arxiv.org/abs/math/061235q 



L.Ng, D. Thurston. Grid diagrams, braids, and contact geometry. Proceedings of Gdkova Geometry-Topology 
Conference 2008, 120136, Gokova Geometry/Topology Conference (GGT), Gokova, 2009. 
S. Yu. Orevkov and V. V. Shevchishin, Markov theorem for transversal links, J. Knot Theory Ramifications 
12 (2003), no. 7, 905913; |arXiv:math.GT/0112207| 

P.Ozsvath, Z.Szabo, D.Thurston. Legendrian knots, transverse knots and combinatorial Floer homology, 
Geometry and Topology 12 (2008), 941-980 

J.Swiatkowski, On the isotopy of Legendrian knots, Ann. Global Anal. Geom. 10 (1992), 195-207 

N. C. Wrinkle, The Markov Theorem for transverse knots, Thesis (Ph.D.)Columbia University. 2002. 51 



pp. arXiv:math.GT/0202055 



V.A.Steklov Mathematical Institute 
of Russian Academy of Sciences 
8 gubkina str. 
Moscow 119991, Russia 
dynnikovOmech . math . msu . su 



Dept. of Mechanics & Mathematics 



Bypasses for rectangular diagrams. Proof of Jones' conjecture and related questions 

Moscow State University 
1 Leninskije gory 
Moscow 119991, Russia 
0x00002a@gmail . com 



